We derive a modified form of the BFKL equation which enables the structure of the gluon emissions to be studied in small x deep inelastic scattering. The equation incorporates the resummation of the virtual and unresolved real gluon emissions. We solve the equation to calculate the number of small x deep-inelastic events containing 0, 1, 2 . . . resolved gluon jets, that is jets with transverse momenta q T > µ. We study the jet decomposition for different choices of the jet resolution parameter µ.
Introduction
The advent of the HERA electron-proton collider has opened up the possibility of testing QCD in the new and hitherto unexplored small x regime. The HERA measurements of the proton structure function F 2 (x, Q 2 ) show a striking rise with decreasing x, which with the latest data is now known with considerable precision [1, 2] . On the other hand from the theoretical point of view we know for sufficiently small x, such that α S ln 1/x ∼ 1, that it is necessary to resum the (α S ln 1/x) n contributions in order to obtain reliable perturbative QCD predictions. At leading order this is accomplished by the Balitzkij, Fadin, Kuraev, Lipatov (BFKL) equation [3] . This equation effectively corresponds to the sum of gluon ladder diagrams of the type shown in Fig. 1 in which the transverse momenta q T are unordered along the chain. This should be contrasted with DGLAP evolution where, in the leading ln Q 2 approximation, the transverse momenta are strongly ordered from the hadronic to the hard scale Q 2 which in deep-inelastic lepton scattering is provided by the virtuality of the photon, namely
Both BFKL and DGLAP evolution lead to an increase of the deep-inelastic scattering structure functions with decreasing x. In fact it is possible to obtain a satisfactory description of the rise of the structure function measured in the HERA small x regime using both approaches [4, 5, 6] . The inclusive nature of the structure function F 2 makes it extremely difficult, even with the precise HERA data, to use the observed x behaviour to reveal the underlying dynamics at small x. This is not surprising. The leading behaviour obtained from BFKL is an x −λ growth, whereas for DGLAP we anticipate an increase of the double logarithmic form exp A[ln(t/t 0 ) ln(1/x)] 1 2 where t = ln(Q 2 /Λ 2 ). However, these are asymptotic predictions. For instance subleading ln 1/x effects will weaken the BFKL growth in the HERA regime [7, 8] . Moreover the DGLAP behaviour is dependent on the choice of a non-perturbative input form at some scale Q 2 = Q 2 i . It has been realized however, that the intimate relation between the increase of the cross sections with decreasing x and the absence of transverse momentum ordering, which is the basic property of the BFKL dynamics, should reflect itself in the properties of the final states in deep-inelastic lepton scattering. Indeed several dedicated measurements have been proposed and are being experimentally studied at HERA (see, for example, the reviews in ref. [9] ).
The purpose of this paper is to study the detailed properties of the partonic final state produced by the gluon emissions along the BFKL chain. In this way we will gain insight into the BFKL equation, as well as detailing observables with which to probe the underlying small x dynamics. In particular we calculate the decomposition of the (total) deep-inelastic cross section into components σ n (µ) which correspond to the production of a fixed number n of gluon jets each with transverse momentum q T > µ. That is we study the possible jet configurations in the central region between the current jet and the proton remnants. An interesting feature of BFKL dynamics is the possibility of producing jets even for µ > Q. One of our aims is to quantify the yield of such jet configurations.
We seek a BFKL equation for the real resolved emissions in which the unresolved and virtual contributions have been resummed. To do this we write the BFKL equation (8) in the differential form ∂f ∂y = ∂f
and treat the expression in brackets as the inhomogeneous contribution. We solve the inhomogeneous equation in the standard way. We first find a solution to the homogeneous equation and then we obtain the full solution via an integrating factor. The homogeneous version of (11) is
with solution
and so the integrating factor is ∆ −1 = exp(−y K U V ). Hence the full solution of (11) is
Thus we have derived a BFKL equation for the gluon distribution f in which the unresolved and virtual terms have been resummed in the exponential factor. The equation is of the form
where the driving term has becomê
and the new kernelK
Recall that the original BFKL kernel, K R + K U V , has no y (i.e. x) dependence. However, upon the resummation of the unresolved and virtual radiation we generate an explicit y dependence. In fact the kernelK of (15) is a function of only the difference y − y ′ (i.e. of ln x ′ /x) and not y and y ′ individually, see (17).
Analytical solution at low µ
In section 4 we numerically solve the modified BFKL equation for f (y, k 2 T ) and, by iteration, determine the probability of the emission of n gluon jets with q T > µ. However, first it is informative to derive an approximate form of the above equation which holds in the (theoretical) 4 limit of small µ 2 /k 2 T . In this limit it is possible to resum the unresolved and virtual contributions in a closed analytic form. The crucial observation is that for small µ 2 /k 2 T we may write
in the integrand for the unresolved real emission term in (10) . Then (10) simplifies to become
Thus the homogeneous solution of the BFKL equation (11) is
that is the resummation is given by a simple analytic form. As a consequence, in the small µ limit, the modified BFKL equation (15) becomes
where here k
, and the driving term is given bŷ
Of course for the results presented below we do not use the low µ approximation, although to gain insight we will compare the full prediction of (16) 
Jet decomposition of the BFKL gluon
The BFKL equation was expressed in form (15) specifically so that we can decompose the unintegrated gluon distribution f into the sum of contributions with different numbers of resolved gluon jets with transverse momenta q T > µ. That is
where f n denotes the contribution to the unintegrated gluon distribution f arising from n resolved jets in the chain, each with q T > µ, see Fig. 2 . The n-jet contribution f n obviously depends on the resolution µ, whereas the sum f does not. Using (15) we have
where the 0-jet contribution f 0 =f (0) of (16) and whereK is the full resummed kernel of (17). For the initial non-perturbative input f (0) in (16) we take
where the normalization N is fixed so that the gluon, integrated over the region k Although the sum f (y) of (22) is independent of µ, the individual contributions f n (y) are µ dependent. Recall that ⊗ stands for an integration over d 2 q T (see (9) and (10)), and that f is a function of k (i) Gluon jets with µ > k T occur; the probability increases as x decreases.
(ii) The lower the value of µ, the greater the number of resolved jets, that is the greater the preponderance of multijet configurations.
(iii) As x decreases, the greater the diffusion in ln q 2 T so that an n-jet configuration first increases in probability and then decreases as higher jet-configurations take over.
(iv) The higher the value of k 2 T the sooner in x (as x decreases) will a given multijet configuration go through this rise and fall. The results for low values of the resolution parameter µ show that the functions f n have a maximum which shifts to smaller values of x with increasing n. This maximum is a straightforward consequence of virtual corrections which, for low µ, are not entirely compensated by (unresolved) real radiation. The maximum disappears for large µ and we have this structure for all values of k T .
Some insight into the behaviour can be obtained from the analytic form presented in section 3, which applies when µ 2 /k 2 T is small. In this limit the virtual and unresolved real terms lead to a suppression factor ∆(y) = e −Ay
where
Thus from (21) we obtain the 0-jet contribution
that is the k T dependence of f 0 is essentially the same as the k T dependence of the driving term f (0) of (24). This explains the origin of feature (v) , that the 0-jet contribution falls 6 rapidly to zero with increasing k 2 T . Fig. 6 compares the analytic approximation with the full result for µ 2 = 1 GeV 2 and k 2 T = 4 GeV 2 . We see that the analytic form reproduces the shape of the numerical solution, but fails in the normalization. Also the peak in the numerical prediction shifts slightly to smaller x. Thus the analytical approximation cannot be used as a valid representation for the jet contributions, even for a resolution as low as 1 GeV 2 .
Jet decomposition of
We are now in a position to estimate the probability of the different multijet configurations in the small x observables that are driven by the BFKL gluon. The most relevant process to study is deep-inelastic scattering at HERA. Using the results of section 4, we calculate the jet decomposition of the proton structure functions F i (x, Q 2 ). In other words we determine what fraction of events that make up the inclusive measurement of F i (x, Q 2 ) contain no-jets, one jet, two jets etc. as a function of x, Q 2 and the jet resolution parameter µ. Recall that our jets are gluons emitted with transverse momentum q T > µ.
From knowledge of the BFKL gluon f we can determine the behaviour of the structure functions via the k T factorization theorem, see Fig. 2 . For the transverse and longitudinal functions we have
where, to lowest order, photon-gluon fusion F γg is given by the quark box (and crossed box) contributions, as shown in Fig. 7 . To carry out the integration over the quark line in Fig. 7 we express its four momenta κ in terms of the Sudakov variables
where q ′ = q + xp and p are the basic light-like momenta (q and p are the 4-momenta of the virtual photon and proton respectively). The variable α is fixed by the quark mass-shall constraint, leaving integrations over β and κ T . Evaluating the box contributions, equation (27) then becomes [14] 
where the denominators
and where (27) 
which ensures that the requirement 0 < x ′ < 1 is satisfied. Of course the integration regions of (28) and (29) must be constrained by the condition
so that the argument z = x/x ′ of f satisfies the requirement z < 1. In (28) and (29) we sum over the quark flavours; we take the masses to be m q = 0 for u, d, s quarks and m c = 1.5 GeV for the charm quark. The argument of α S is taken to be κ The jet decomposition of F L,T are simply obtained by substituting the n-jet unintegrated distribution f n into (28) and (29). In this way we can break down the observables into their component n-jet contributions, for example for F 2 = F L + F T we have
Figs. 8 and 9 show the components F n 2 (x, Q 2 ) for deep inelastic events containing n observed jets, where in the upper plot we require the jets to have q T > 3.5 GeV, whereas in the lower plot we demand q T > 6 GeV. Figs. 8 and 9 correspond to Q 2 = 10 and 20 GeV 2 respectively. For these choices of jet resolution it can be seen that the 0-jet configuration dominates. That is most of the emission from the BFKL ladder is in the form of unresolved and virtual gluon radiation. As expected the n-jet configurations first become important (with decreasing x) for the lower resolution, µ = 3.5 GeV, and the higher Q 2 value, Q 2 = 20 GeV 2 , and begin to compete with the 0-jet rate for x < ∼ 10 −5 . In fact the 4-jet rate becomes comparable with the 0-jet rate for x ∼ 10 −6 .
Although the 0-jet configuration dominates in the HERA kinematic regime, there is still a non-negligible contribution from resolved jets. For example, at Q 2 = 10 GeV 2 and x = 2 × 10 of the 0-jet rate, and even the 3 and 4 jet configurations occur at a reasonable rate. Also notice the production of resolvable jets with
The experiments at HERA show that the (inclusive) structure function F 2 rises as x decreases. How is this rise made up from the various multijet configurations? First we look at the results for the lower jet resolution, µ = 3.5 GeV. Although the 0-jet rate dominates, its increase with decreasing x is relatively weak compared to the data. The rise of F 2 comes from the increasing importance of the higher jet configurations. On the other hand at the higher resolution, µ = 6 GeV, the 0-jet configuration is even more dominant and shows a steeper rise over the same x range, as is required for consistency of the results. This characteristic difference should hopefully be seen in the measurement of the individual jet structure functions.
The cross section for deep-inelastic scattering is readily calculated from F T,L . We have
where as usual y = Q 2 /xs, F T = 2xF 1 and F L = F 2 − 2xF 1 . Here we present results for the component cross sections σ n for deep-inelastic events containing n jets with q T > µ, again for two choices of resolution µ = 3.5 and 6 GeV. We take √ s = 300 GeV and integrate σ over the interval 0.01 < y < 0.5 so as to approximately reproduce the HERA domain. Figs. 10, 11, 12 and 13 show respectively the 0, 1, 2 and 3 jet cross sections integrated over x and Q 2 bins of size ∆x = 2 × 10 −4 and ∆Q 2 = 10 GeV 2 , where the two entries in each bin correspond to a gluon jet with resolution µ = 3.5 and 6 GeV respectively. We see that there are an appreciable number of identifiable jets. For example, if we take a resolved jet to be one with q T > 3.5 GeV and an integrated luminosity L = 10 pb −1 , then in the bin defined by 0.8 × 10 −3 < x < 10 −3
and 15 < Q 2 < 25 GeV 2 we predict 1052, 790, 392 events containing 1, 2, 3 jets as compared to 6790 events with no identifiable jet.
Recall that the predictions are obtained by numerically solving the BFKL equation for the gluon. The normalisation is dependent of the choice of the cut-off. Here we have taken the cut-off to be 1 GeV 2 , which was found to give a satisfactory description of the inclusive F 2 distribution. However, the fraction of events containing 0, 1, 2, . . . identifiable gluon jets is independent of the choice of the cut-off. For example, for the above (∆x, ∆Q 2 ) bin and for the lower jet resolution of µ = 3.5 GeV we find 75% of the cross section contains no observable jet and that 1, 2 and 3 jets occur 11, 8, 4% of the time respectively. Only 2% of the events contain more than 3 jets. For the higher jet resolution of µ = 6 GeV we predict that the BFKL chain will give 90% of the events with no observable jet, leaving only 10% of the total to be split between 1, 2, . . . jet events.
We see from Figs. 11 and 12 that the 2-jet rate is comparable to the 1-jet rate, and moreover that the 2-jet/1-jet ratio increases with increasing resolution µ. This type of behaviour is consistent with the expectations of the conservation of transverse momentum.
Summary and Conclusions
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In this paper we have formulated a modified form of the BFKL equation which allows an exclusive analysis of the multijet yields in deep-inelastic lepton scattering in the small x regime. The jets are defined as gluon emissions from the BFKL chain which have transverse momenta q T greater than a specified resolution µ. We first solved the modified BFKL equation to determine the jet decomposition of the unintegrated gluon distribution f (x, k 2 T ). We then used the k Tfactorization theorem to determine the jet decomposition of the structure function F 2 (x, Q 2 ) and of the total deep-inelastic cross section in the HERA small x regime. We presented the jet decompositions as a function of the kinematic variables and for different choices of the jet resolution parameter µ.
The modified BFKL equation is shown symbolically in (15) and the kernelK in (17). The equation embodies a resummation of the virtual contributions together with the unresolved real gluon emissions with q T < µ. As a consequence the kernelK has an explicit y = ln 1/x dependence, which depends on the amount of unresolved radiation and so is a function of µ. Indeed for unrealistically low values of µ we derived, for pedagogic purposes, the analytic form of the y dependence of the kernel, see (19). For the more realistic numerical solutions that we present the correlation between the x dependence of the n-jet cross sections and the resolution parameter µ is apparent.
The behaviour of the n-jet contribution to the gluon f , or to F 2 , exhibits a characteristic behaviour as x decreases, rising to a maximum and then falling back to zero. The higher the value of n the lower the value of x at which the maximum occurs. In the HERA small x regime the behaviour is only apparent for low choices of the parameter µ, for example µ ∼ 1 GeV, see Figs. 3, 4 and 5. For experimentally realistic values of the resolution parameter (say µ = 3.5 or 6 GeV) the maxima shift to very small values of x. The dominant contribution in the HERA range then comes from events with no resolved gluon jets emitted from the BFKL chain. Nevertheless the 1, 2, 3, . . . jet rates are still significant. An interesting feature of the multijet cross sections is that they are non-negligible even if µ > Q. The existence of such jets with q T > Q is a straightforward consequence of the characteristic ln k 2 T diffusion along the BFKL gluon chain.
To sum up, we have made an exploratory study of a form of the BFKL equation which allows the final state jet configurations to be determined in a consistent manner. We solved the equation and presented sample results to illustrate the properties of these gluon jets which occur in deep inelastic scattering at small x as a result of BFKL dynamics. Of course there are subleading ln 1/x and fixed-order QCD jet contributions to consider. These may modify the predictions in the HERA regime, but with decreasing x the BFKL behaviour should become increasingly dominant. One non-leading effect is the imposition of the constraint q 2 nT < x n k 2 T /x (in the notation of Fig. 1 ) which follows from the requirement that the virtuality of the gluon links is dominated by −k 2 T [7, 8] . If this were done we find that it would limit the available phase space for multijet production and, as a consequence, reduce the yield of multijet events.
f into the interval (−1, 1) in terms of the variable τ defined by
We expand the gluon distribution f in the polynomial form
with τ i defined by
and N the number of terms in the Chebyshev polynomial. The k 2 T dependent functions C i are obtained from the Chebyshev polynomial functions
and are given by
where ν n = 1 for n > 1, and ν 1 = The expansion (A2) is then substituted into the BFKL equation (15) to give the discretised (symbolic) form
where the full kernel (17) now becomeŝ
and the input distributionf
The substitution of (A2) into (7) and (8) gives the explicit form of the kernels K R and K U V respectively. The BFKL equation (A7) is a Volterra-type integral equation, which we solve iteratively for the f i (y)'s. The gluon distribution f (y, k 2 T ) is then reconstructed from (A2). We also use a Chebyshev interpolation to calculate the Y ≡ y − y ′ dependence of the matrix elements of exponential matrix in (A8) and (A9). For convenience we denote the matrix elements
As before we expand in terms of Chebyshev polynomials
where M j are the values of M(Y ) at the nodes Y j . Here we take J = 10. We map the relevant region 0 < Y < Y max , where Y max = log(1/X min ), into the interval −1 < τ < 1 by choosing
The C j is given by (A6) (together with (A4) and (A5)) with i replaced by j. It remains to calculate M(Y ) at the nodes Y = Y j . We do this by solving
using the Runge-Kutta method with the boundary condition M i,k (Y = 0) = I i,k . The quark box and crossed box diagrams describing photon-gluon fusion, F γg in (27). Fig. 8 The decomposition of the proton structure function F 2 (x, Q 2 ) into contributions coming from different numbers of resolved gluon jets for experimentally accessible values of the resolution parameter µ = 3.5 and 6 GeV. The decomposition is shown as a function of x for Q 2 = 10 GeV 2 . Fig. 9 The same as Fig. 8 but for Q 2 = 20 GeV 2 . Fig. 10 The cross-section (in pb) for deep-inelastic scattering in which there are no resolved gluon jets shown in different x, Q 2 bins in the region accessible at HERA. The width of the bins are ∆Q 2 = 10 GeV 2 and ∆x = 2 × 10 −4 . The upper and lower values correspond to the resolution parameter µ = 3.5 and 6 GeV respectively. Fig. 11 The same as Fig. 10 but from the contribution in which there is one, and only one, gluon resolved jet with q T > µ. 
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